Near-field distribution Ey for superlattice plasmons at SL a , SL c1 and SL e1 within the rectangular yellow box in (a). SL a showed in-phase oscillations among NPs similar to L in single-lattice arrays, while SL c1 and SL e1 exhibited one-order and two-order overall phase tuning determined by Bragg modes from A0.
1 Figure S2 . Experimental setup for the angle-resolved lasing measurements. Samples were fixed at the center of a rotational stage with a charge coupled device (CCD) detector at a detection angle D. The incident angle I was kept at 45° for all measurements of 2D superlattices and line patch samples. We define the x-y plane to be the plane of the sample and z vertical to the sample plane. In angle-resolved measurements, our CCD detector was fixed on top of the rotational stage platform and D was swept in the x-z plane. The transverse electric (TE) and transverse magnetic (TM) polarization is defined by the orientation of polarized light with respect to the incident plane, the latter being determined by the pump light propagation direction (red line) and the direction normal to the sample surface (dashed dark line). TM polarization (p polarization) light is polarized along x and parallel to incident plane. TE polarization (s polarization) light is polarized along y and perpendicular to the incident plane, independent of orientation of the 2D arrays and line patches within the sample. opposite wavevectors formed a standing wave. In contrast, at SL b (k// = ± 0.13 µm -1 ), an overall kx' from two coupled Bragg modes k1 = [1 ̅ 000] and k2 = [101 ̅ 0] compensated for the non-zero k// from the off-normal incident light. In general, (k1+k2)/2+k//=0 is common for all band-edge points, which indicates that plasmonic NP superlattices can exhibit standing waves with a very low group velocity ( = / ) at zero and non-zero k//. Here the blue, green, and yellow curves represent the first-, second-, and third-order diffraction modes from the superlattice structure, respectively. For example, the blue curves are first-order Bragg modes including 2,3 Lumerical only allows a four-level model with PEP to model the micron superlattices. Here we compared the influence of the PEP to the model of lasing action based on our homebuilt FDTD codes. By slightly changing the description of the rate equation 4 defined by PEP, we can compare the two models side-by-side. We found that the two models showed robust lasing action within 1 ps with the population inversion accumulated at the plasmonic hot spot regions. Only a minor change of oscillation amplitude in the time-dependent population inversion was observed, where the model with PEP had a slightly slower transition rate. Figure S11 . Multi-modal nanolasing was observed in simulations from 2D plasmonic superlattices above lasing threshold. (a) Simulated lasing spectrum from 2D superlattices (patch side length l = 18 µm, periodicity A0 = 24 µm, NP size d = 120 nm) slightly above lasing threshold at 0.11 mJ cm -2 and (b) above lasing threshold at 0.26 mJ cm -2 . By pumping from the ground level (N0 = 1), we observed lasing modes above threshold that were strongly correlated with superlattice plasmon resonances. Note that the simulated linewidths of the lasing peaks are typically ~2 nm, but in the experiments, we detected sharp peaks as narrow as 0.5 nm. The broadening of the simulated lasing modes can be attributed to: (1) the semiquantum model used to describe lasing actions without including dephasing of the dye molecules over time; (2) the short simulation time (within 2 ps). Additionally, in (a), the photoluminescence (PL) of dyes is not captured at low pump power because: (1) in simulation, there are fewer dye molecules (1 mM dye in unit cells 600 nm600 nm2 µm) for strong PL than experiments (~1-mm gain thickness); and (2) simulation time of 2 ps is too short to capture emission from dyes with much longer intrinsic decay lifetime (~800 ps). Dashed lines depict the outline of the patches. Notably, we observed unsymmetrical shapes of lasing peaks at high pump power. For superlattice arrays, with increased pump power, lasing peaks SL II and SL III became broader and were "pulled" by the rising of SL I on the blue side as a result of the pulling effect; 5 thus, the peaks had extended tails to the blue side. Similarly, in single-lattice arrays, lasing peaks became broader and unsymmetrical to the red side, which can be correlated to the excitation of ASE modes on the red side. When we fixed epump along y and varied eline to be along x, the dipolar oscillation was distributed still along y and hence, we observed the real-time population inversion only in monitor A. Notably, since there are more NPs along x that coupled with each other, the population inversion accumulated faster and lasing output happened earlier in (f) (~1250 fs) compared to (c) (~2300 fs). Figure S23 . Polarization of output lasing emission was aligned with polarization of pump source. (a) Angle-resolved PL emission map from line patches with epump along y and eline along y, and (b) epump along y and eline along x. We used a near-CW laser (80 MHz) to pump the line patch sample at a 22 mm 2 spot and 50 mW. Different from orientation-dependent lasing output from line patches, we observed orientation-independent PL emission following the [±1, 0] Bragg modes. (c) Measured multiple lasing modes from line patch with epump along y, and eline orientated along y, and (d) epump along y and eline orientated along x. We placed a linear polarizer between the spectrometer and lasing device to characterize the polarization direction of output beams. Under TE polarization (along y), we found that the output lasing emission was polarized preferentially along y for both single-mode and multi-modal lasing, which suggested the coherence of polarization in superlattice lasing emission. At high pump fluence, however, SL I surpassed SL III and continued to increase, while SL II and SL III saturated.
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Supplementary Movie 2
The output behavior of multi-modal lasing from 2D superlattices with C = 0. 
Supplementary Movie 3
The output behavior for the same 2D superlattice (Movie 1) with lower dye concentration C = 0.56 Mm under TE polarization. As pump power increased from 0.25 mJ cm -2 to 0.63 mJ cm -2 , SL II = 873 nm showed up earlier than SL I = 862 nm and then saturated, while SL I continued to increase. However, lasing mode SL III was absent in the output spectrum.
Supplementary Movie 4
The output behavior for the same 2D superlattice (Movie 1) with higher dye concentration C = 0.75 mM under TE polarization. As pump power increased from 0.18 mJ cm -2 to 0.63 mJ cm -2 , SL III = 881 nm showed up earlier than SL II = 870 nm and then saturated at high pump power, while SL II continued to increase. A weak lasing mode SL I = 859 nm only appeared at high pump power.
Supplementary Movie 5
The output behavior of multi-modal lasing from NP line patches with C = 0.63 mM. Tested sample was NP line patch with A0 = 24 µm, l = 18 µm, a0 = 600 nm and d = 120 nm only along x. Pump power was increased from 0.08 mJ cm -2 to 0.25 mJ cm -2 under TE polarization. Similar to 2D superlattices (Figure 3a) , at low pump powers, SL II = 871 nm and SL III = 882 nm emerged earlier than SL I = 860 nm, which suggests a lower lasing threshold. SL II and SL III saturated with increased pump power, while SL I continued to increase.
Supplementary Movie 6
Real-time switchable nanolasing between single and multiple modes from line patches. The symmetry-broken line patches were with A0 = 24 µm, l = 18 µm and a0 = 600 nm along x. Under TE polarization and line axis eline along y, multiple lasing modes appeared at 
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871 nm and SL III = 882 nm. When the line axis was continuously rotated in x-y plane, multi-modal lasing gradually decreased in intensity and only photoluminescence from dye molecules was observed at 45°. Above 45°, a single lasing mode at SL I = 860 nm showed up and increased in intensity until line axis was oriented along x.
